We investigate the dynamics of the generalized ΛCDM model, which the Λ term is running with the cosmological time. The Λ(t) term emerges from the covariant theory of the scalar field φ with the self-interacting potential V (φ). On the example of the model Λ(t) = Λ bare + α 2 t 2 we show the existence of a mechanism of the modification of the scaling law for energy density of dark matter: ρ dm ∝ a −3+λ(t) . We discuss the evolution of Λ(t) term and pointed out that during the cosmic evolution there is a long phase in which this term is approximately constant. This effect justifies Alcaniz and Lima's approach to Λ(H) cosmologies. We also present the statistical analysis of both the Λ(t)CDM model with dark energy and decaying dark matter and the ΛCDM standard cosmological model. We divide the observational data into two groups: low z data (SNIa, BAO, H(z) and AP test) and high z data (Planck, WP and lensing). While for the former we find the best fit value of the parameter λ is positive (λ = 0.0338, energy transfer is from the dark energy to dark matter sector), for the latter we find that λ is −0.0199 which is an evidence that the energy transfer is from decaying dark matter. This disagreement correlates with estimated values of H0 (67.77 km/(s Mpc) and 65.62 km/(s Mpc) respectively). The decaying dark matter causes to lowering a mass of dark matter particles which are lighter than CDM particles and remain relativistic. The rate of the process of decaying matter is estimated. We show that in the models of decaying dark matter, the cosmological constant problem disappears naturally. The model with decaying dark matter possesses one parameter more but in light of the AIC it is better than the ΛCDM standard cosmological model.
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I. INTRODUCTION
In cosmology, the standard cosmological model (ΛCDM model) is an effective theory which well describes the current Universe in the accelerating phase of the expansion. All the astronomical observations of supernovae SNIa and measurements of CMB favor this model over the alternatives but we are still looking for theoretical models to dethrone the ΛCDM model.
On the other hand the ΛCDM model has serious problems like the cosmological constant problem or the coincidence problem which are open and waiting for a solution. Among different propositions, it is an idea of introducing the running cosmological term [1] . The most popular way of introducing a dynamical form of the cosmological term is a parametrization by the scalar field, i.e. Λ ≡ Λ(φ) or the Ricci scalar, i.e. Λ ≡ Λ(R), where R is the Ricci scalar. In the both mentioned cases, the covariance of field equation is not violated and Λ ≡ Λ(t) relation emerges from covariant theories i.e. Λ ≡ Λ(φ(t)). For example in paper [1] , the relation Λ = Λ bare + α 2 t 2 is emerging from the theory of the scalar field with the self-interacting potential V (φ). It is interesting that this type of a Λ(t) relation is supported by the non-critical string theory consideration [2] .
Two elements appear in the ΛCDM model, namely dark matter and dark energy. The main aim of observational cosmology is to constrain the density parameters for dark energy as well as dark matter. In the testing of the ΛCDM model, the idea of dark energy is usually separated from the dark matter problem, The latter is considered as the explanation of flat galactic curves. Of course the conception of dark matter is also needed for the consistency of the model of cosmological structures but the hypothesis of dark energy and dark matter should be tested not as a isolated hypothesis.
In this paper, we explore the Λ(t)CDM model with Λ(t) = Λ bare + α 2 t 2 , where t is the cosmological time for which we know an exact solution [1] . This enables us to show the nontrivial interactions between the sectors of dark matter and dark energy. It would be demonstrated that the model, which is under consideration, constitutes the special case of models with the interaction [1] 
dt . We will be demonstrated that the time dependence of the Λ term is responsible for the modification of the standard scaling law of dark matter ρ dm = ρ dm,0 a −3 , where a is the scale factor [1] . Wang and Meng [3] developed a phenomenological approach which is based on the modified matter scaling relation ρ m = ρ m,0 a −3+δ , where δ is the parameter which measures a deviation from the standard case of cold dark matter (CDM).
The both effect of the decaying Λ term and the modification of the scaling relation are strictly related in our model. One can obtain that CDM particles dilute more slowly in comparison to the standard relation ρ m ∝ a −3 in this model. In this context, the interesting approach was developed by Alcaniz and Lima [4, 5] . The coupling parameter δ is also a subject of testing using astronomical data [6] [7] [8] .
In this paper, due to it is known the exact solutions of our model it is possible to check how it works the model and one can strictly constrain the model parameters [1] .
We estimate the value of λ(t) : ρ dm = ρ dm,0 a −3+λ(t) where ρ dm is energy density of dark matter. In our methodology we consider the astronomical data as two separate data sets with respect to redshift z. The first group of low redshift consists of SNIa, BAO, H(z) and the AP test, and the second group is composed of Planck, WP and lensing data. The case of decaying dark matter effect is only relevant for high redshift data. This process takes place in the early Universe.
We also analyze the model under considerations in details. In this analysis the model with Λ(t) = Λ bare + α 2 t 2 is our case study. For this model we show the terms λ(t), δ(t) are slow-changing with respect to the cosmological time and it justified to treat them as constants.
The organization of the text is following. In Section II, we present the model with Λ(t) = Λ bare + α 2 t 2 and its interpretation in scalar field cosmology with φ(t) and with the potential V (φ). In Section III, it is demonstrated how Λ(t)CDM cosmologies can be interpolated as interacting cosmologies with the interacting term Q = − dΛ(t) dt and how they solve the coincidence problem [9] . In Section IV, we present some results of the statistical estimations of the model parameters obtained from some astronomical data. Finally the conclusion are presented in Section V.
Let us consider about the flat cosmological model with homogeneity and isotropy (the Robertson-Walker symmetry). The source of gravity is in the time dependent cosmological term and matter is in the form of a perfect fluid with energy density ρ m = ρ m (t), where t is the cosmological time. The cosmic evolution is determined by the Einstein equations which admit the Friedmann first integral in the form
where
is the Hubble function and a(t) is the scale factor and α 2 ∈ R is a real dimensionless parameter. The sign of α 2 depends of the type of particle and the distribution of their energy. In the generic case the Breit-Wigner distribution gives rise the negative sign of α 2 [10] . Note that this parametrization is distinguished by a dimensional analysis because a dimension of H 2 should coincide with a dimension of a time dependent part of Λ(t). It is assumed that the energy-momentum tensor for all fluids in the form of perfect fluid satisfies the conservation condition
The consequence of this relation is thaṫ
The cosmic evolution is governed by the second order acceleration equatioṅ
where ρ eff and p eff are effective energy density of all fluids and pressure respectively. In the model under the consideration we have
and α 2 is a real number. For this case the exact solution of (1) and (3) for the Hubble parameter h ≡ H H0 can be obtained in terms of Bessel functions
where H 0 is the present value of the Hubble constant,
, T 0 is the present age of the Universe
is the index of the Bessel function. From (7), the expression for the scale factor can be obtained in the simple form
The inverse formula for t(a) is given by
(x). Finally the exact formula for total mass ρ m (t) = ρ dm (t) + ρ b (t) is given in the form Table I ). The gray region is the 2σ uncertainties. We assumed 8πG = 1 and we choose km 2 /(100 2 Mpc 2 s 2 ) as a unit of ρ dm (log(a)). Table I ). The gray region is the 2σ uncertainties. We assumed 8πG = 1 and we choose km 2 /(100 2 Mpc 2 s 2 ) as a unit of ρ de (log(a)).
The diagram of ρ dm , ρ de and
ρ de (log(a)) as a function of log a obtained for low z data is presented in Fig. 1 , 2 and 3. Note that at the present epoch (log(a) = 0) both energy densities of dark matter and dark energy are of the same order (Fig. 2) .
While the relation Λ = Λ(t) violates the covariance of the general relativity Lagrangian, it can be simply demonstrated that such a relation can emerge from the covariant theory of scalar fields. This relation reveals as a timedependent first integral of equation of motion.
The action of general relativity for a perfect fluid has the following form
where R is the Ricci scalar,
and g µν is the metric tensor. The signature of g µν is chosen as (+, −, −, −).
For the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric without the curvature the Ricci scalar is expressed by R = 6 ä a +ȧ 2 a 2 . The Einstein equations are consequence of the variation of the Langragian L. The Einstein equations for dust and a minimal coupling scalar field are the following 
. The top thick line represents the evolution of
for H0 = 67.64 km/(s Mpc), Ωm,0 = 0.3696 and Ω α 2 = 0.0392. The bottom thick line represents the evolution of
for H0 = 68.13 km/(s Mpc), Ωm,0 = 0.2646 and Ω α 2 = −0.0258. The medium line represents the best fit (see Table I ). The gray region is the 2σ uncertainties.
We assume that ρ = ρ m + ρ de and an interaction Q = (12) and (13) have the following form
andä
The conservation equation is in the forṁ
Because there is an interaction Q = 
andρ
The first integral of (18) isφ
The potential V (φ) can be of any form. So if we want to find an exact solution for φ(t) we should first assume the form of the potential V (φ).
III. HOW Λ(t)CDM MODEL MODIFIES THE SCALING RELATION FOR DARK MATTER
The existence of dark matter in the Universe is motivated by modern astrophysical observations as well as cosmological observations. From observations of rotation curves of spiral galaxies, masses of infracluster gas, gravitational lensing of clusters of galaxies to cosmological observations of the cosmic microwave background anisotropy and large scale structures we obtain strong evidences of dark matter.
Because models of nucleosynthesis of the early Universe are strongly restricted the fraction of baryons, we conclude that the nature of dark matter cannot be baryonic matter. On the other hand we imagine that particles of dark matter form a part of standard model (SM) of particles physics. There are many candidates for particles of dark matter e.g. WIMPs. Lately sterile neutrinos have been also postulated in this context [12, 13] . The interesting approach is a search of photon emission from the decay or the annihilation of dark matter particles through the astrophysical observations of X-ray regions [14] [15] [16] . For example the radiatively decaying dark matter particles as sterile neutrinos have been searched using X-ray observations [17] .
Let us consider the ΛCDM model which describes a homogeneous and isotropic universe which consists of baryonic and dark matter and dark energy. Let us assume an interaction in the dark sectors. Then the conservation equations have the following formρ
where ρ b is baryonic matter density, ρ dm is dark matter density and ρ de is dark energy density [9] . Q describes the interaction in the dark sector. Let ρ m = ρ b + ρ dm then (19) and (20) giveρ
For model with Λ(t) = Λ bare + 
The solution of equation (23) is
whereδ = 1 log a δ(t)d log a, where δ(t) = 2α 2 t 3 H(t)ρm(t) . Q can be written as Q = δ(t)Hρ m . The evolution of δ(log(a)) andδ(log(a)) is presented in Fig. 4 , and 5. One can observe thatδ(t) and δ(t) is constant since the initial singularity to the present epoch. Table I ). The gray region is the 2σ uncertainties.
If δ(t) is a slowly changing function thanδ(t) = δ(t) = δ and (24) has the following form
In this case Q = δHρ m . The early time approximation for δ(t) is δ(t) = 18α Table I ). The gray region is the 2σ uncertainties. Note that if ρ dm = 0 for α 2 < 0, i.e. whole dark matter decays then we have the ΛCDM model with baryonic matter.
If δ(t) = δ = const we can easily find that
Let us note that during the regime δ = const both the time dependent parametrization and quadratic parametrization Λ(H) = Λ bare + βH 2 coincide in Alcaniz and Lima approach [4] . We can rewrite ρ dm as
where λ(t) = 1 log a log Ωm,0aδ
. For the present epoch we can approximate λ(t) as λ(t) = λ = const. So in the present epoch ρ dm = ρ dm,0 a −3+λ . In the consequence, the Friedmann equation can be written as 3H
The evolution of λ(log(a)) is presented in Fig. 6 . One can observe that λ(t) is constant since the initial singularity to the present epoch. Table I ). The gray region is the 2σ uncertainties.
Following Amendola and others [18] [19] [20] the mass of dark particles can be parametrized by the scale factor as
where m 0 is representing of mass of dark matter, κ = d log m d log a . We consider the mass m(a) as an effective mass of particles in a comoving volume.
In Amendola et al. [18] the parameter κ(a) is assumed as a constant. This simplifying assumption has physical justification as it will be demonstrated in the further dynamical analysis of the model with decaying dark matter. Equation (29) can be simply obtained from (28) 2λ . Let consider the number of dark matter particles N (t) where t is the cosmological time. Than a half of the number of these particle N (t)/2 is reached at the moment of time βt.
For small value of δ 3 the parameter β can be approximated by β = 2
−3
2λ . For example if we put λ = 0.06 than the number of dark matter particles decreases to half after about 33.5 · 10 6 t 0 starting at the time t 0 . In Fig. 3 one can see that a quotient ρ dm /ρ de decreases with the scale factor and remains of the same order for today (log a = 0). Therefore the coincidence problem is solved.
If the dark matter sector consists of two fractions of particles than α 2 = α . This phenomenon is demonstrated in Fig. 7 .
IV. STATISTICAL ANALYSIS OF THE MODEL
In this section, we present a statistical analysis of the model parameters such as H 0 , Ω dm,0 and λ. We are using the SNIa, BAO, CMB observations, measurements of H(z) for galaxies and the Alcock-Paczyński test.
We use the data from Union 2.1 which is the sample of 580 supernovae [21] . The likelihood function for SNIa is
where A = (µ obs − µ th )C −1 (µ obs − µ th ), B = C −1 (µ obs − µ th ), C = tr C −1 and C is a covariance matrix for SNIa. The distance modulus is µ obs = m − M (where m is the apparent magnitude and M is the absolute magnitude of SNIa) and µ th = 5 log 10 D L + 25 (where the luminosity distance is
). We use Sloan Digital Sky Survey Release 7 (SDSS DR7) dataset at z = 0.275 [22] , 6dF Galaxy Redshift Survey measurements at redshift z = 0.1 [23] , the BOSS DR 9 measurements at z = 0.57 [24] , and WiggleZ measurements at redshift z = 0.44, 0.60, 0.73 [25] . The likelihood function is given by
where r s (z d ) is the sound horizon at the drag epoch [26] . The likelihood function for the Planck observations of cosmic microwave background (CMB) radiation [27] , lensing from the Planck and low-polarization from the WMAP (WP) has the form
where C is the covariance matrix with the errors, x is a vector of the acoustic scale l A , the shift parameter R and Ω b h 2 where
where z * is the redshift of the photon-decoupling surface. The likelihood function for the Alcock-Paczynski test [28, 29] has the following form
obs are observational data [24, [30] [31] [32] [33] [34] [35] [36] [37] .
We are using some data of H(z) of different galaxies from [38] [39] [40] and the likelihood function is
We consider two cases. In the first case we estimate our model for low z astronomical observations such as SNIa, BAO, H(z) and the Alcock-Paczynski test. The final likelihood function for the first case is
The second case is for high z and than we use Planck observations, lensing and WP. The value of H 0 is chosen as H 0 = 65.62 km/(s Mpc).
We use our own code CosmoDarkBox in estimation of the model parameters. The code uses the Metropolis-Hastings algorithm [41, 42] and the dynamical system to obtain the likelihood function [26, 43] .
The results of statistical analysis for the first case are represented in Table I . Figures 8, 9 and 10 where it is shown the likelihood function with 68% and 95% confidence level projection on the (Ω dm,0 , λ) plane and the (H 0 , λ) plane, respectively.
For the second case the results of statistical analysis is shown in Table II . For the high z data we obtain that λ is negative, which means that dark matter particles decay.
We can use some information criteria in scientific practice to choose the best model. One of information criteria is the Akaike information criterion (AIC), which is given by where L is the maximum of the likelihood function and d is the number of model parameters. Model which is the best approximation to the truth from the set under consideration has the smallest value of the AIC quantity. It is convenient to evaluate the differences between the AIC quantities computed for the rest of models from our set and the AIC for the best one. Those differences ∆AIC
are easy to interpret and allow a quick "strength of evidence" for the model considered with respect to the best one.
V. CONCLUSIONS
The main goal of the paper was to investigate in details the dynamic of the model with matter and the running cosmological constant term with respect to the cosmological time. It was assumed that baryonic matter satisfies the equation of the state for dust (i.e. is nonrelativistic). We were interested how the running Λ(t) influences on the scaling relation for energy density ρ dm . We have found the deviation from standard scaling a −3 for this relation. We explained the source of this deviation showing that ρ dm decreases more rapidly or slowly like a −3+δ due to the energy transfer from dark matter to dark energy sector or in the opposite direction. The direction of the energy transfer crucially depends on the sign of α 2 constant in the model under consideration. The value of α 2 can be theoretically calculated in the quantum formalism developed by Urbanowski and Raczynska [10] . In their paper it was proposed a quantum mechanical effect which can be responsible for instability of charge particles which emit X or γ rays. The sign of α 2 constant is obtained from the analysis of the decay law of unstable states of particles or its survival probability. In these calculations, the crucial role plays the Breit-Wigner distribution function which gives rise to a negative sign of the α 2 constant. For typical particles, decaying processes are describing through this distribution function.
From the cosmological point of view it is interesting that fluctuations of energy of instantaneous states of particles of dark matter can be manifested as fluctuations of the velocity of particles [10] . In order this effect gives rise to the emission of the electromagnetic radiation from radio up to ultra-high frequencies. In the context of astrophysics important stays information can be obtained from the observation of X rays or γ rays. From X ray CCD instruments, dark matter is searched in keV energy for looking for the non-baryonic X ray signature [17] .
On the other hand the α 2 constant is a dimensionless model parameter which value can be estimated from some astronomical data. Our estimations favor the negative α 2 constant for high z, i.e. it is favored the decaying vacuum of dark matter particles and the radiative nature of the energy transfer to dark energy sector. Sterile neutrinos give rise to a negative sign of the α 2 constant because they can be described in terms of the BreitWigner distribution function [10] . The negative sign of the α 2 constant offers a new insight into the cosmological constant problem because the running Λ is the growing function of the cosmological time with asymptotic Λ bare at t → ∞. Therefore this problem disappears in a natural way.
In our model the parameter α 2 cannot change a sign. On the other hand estimations showed the positive α 2 for low redshift data and the negative one for high redshift data. One way of explanation of this discrepancy is to treat the parameter α 2 as some effective parameter describing two-component dark matter. For one component the contribution to α 2 is negative and for second one is positive. During the cosmic evolution the former decays entirely and the latter survives and there is the switch of the effective α 2 sign. In our paper we have also found the physical background of the approach developed by Alcaniz and Lima [4] in which the relation ρ dm ∝ a −3+λ , where λ = const, plays an important role. Our observational analysis of the evolution this parameter during the cosmic evolution indicates that such an ansatz has a strongly physical justification. We showed using astronomical data that the model with decaying dark matter is favored on a 2σ level over the ΛCDM standard cosmological model.
The good news are also coming from our consideration. In interacting cosmology the interacting term which is postulated in different physical forms is interpreted as a kind of nongravitional interactions in the dark sector. We suggest that this interaction has the radiation nature and can be rather interpreted following the Urbanowski and Raczynska idea as a possible emission of cosmic X and γ rays by unstable particles [10] .
It is still an open discussion about the nature of dark matter: cold or warm dark matter [44] . Our results showed that in the model of dark matter decay dark matter particle being lighter than CDM particles. Therefore particles of warm dark matter remain relativistic longer during the cosmic evolution at the early universe.
In the investigating dynamics of the interacting cosmology the corresponding dynamical systems, which are determining the evolutional paths, are not closed until one specify the form of the interacting term Q. Usually this form is postulated as a specific function of the Hubble parameter, energy density of matter or scalar field or their time derivatives [45] [46] [47] [48] . The case study of our model with decaying dark matter favor the choice of the interacting term in the form Q ∝ Hρ m . Zilioti et al. has recently demonstrated that the coincidence problem can be naturally solved in a large class of running Λ(H) vacuum cosmologies [49] . The case study of our model fully confirms this idea.
